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CONFORMALLY INVARIANT RIGIDITY THEOREMS ON
FOUR-MANIFOLDS WITH BOUNDARY
SIYI ZHANG
Abstract. In the article we introduce new conformal and smooth invariants
on compact, oriented four-manifolds with boundary. In the first part, we show
that “positivity” conditions on these invariants will impose topological restric-
tions on underlying manifolds with boundary, which generalizes the results on
closed four-manifolds by M. Gursky and on conformally compact Einstein four-
manifolds by S.-Y. A. Chang, J. Qing, and P. Yang. In the second part, we
study Weyl functional on four-manifolds with boundary and establish several
conformally invariant rigidity theorems. As applications, we prove some rigid-
ity theorems for conformally compact Einstein four-manifolds. These results
generalize the work on closed four-manifolds by S.-Y. A. Chang, J. Qing, and
P. Yang and rigidity theorem for conformally compact Einstein four-manifolds
by G. Li, J. Qing, and Y. Shi. A crucial idea of the proofs is to understand the
expansion of a smooth Riemannian metric near the boundary. It is noteworthy
to point out that we rule out some examples arising from the study of closed
manifolds in the setting of manifolds with umbilic boundary.
1. Introduction
In this article we introduce new conformal and smooth invariants and study
the geometry and topology of compact, oriented four-manifolds with boundary by
investigating these invariants. The paper is divided into two parts. In the first part,
we study the topological implications of the the “positivity” conditions on conformal
invariants. Our main results are partially motivated by the corresponding works on
compact four-manifolds without boundary and conformally compact Einstein four-
manifolds. For compact four-manifolds without boundary M. Gursky established
the following theorem in [22]:
Theorem A. ([22], Corollary F; see also [7] Corollary B) Let pM4, gq be a closed,
oriented four-manifold with
Y pM4, rgsq ą 0,
ż
σ2pPgq dvg ą 0.(1.1)
Then H1pM4q “ 0.
This result reveals that the positivity condition (1.1) on conformal invariants
imposes topological restrictions on the underlying manifold. The Yamabe invariant
Y pM4, rgsq of pM4, gq is defined as
Y pM4, rgsq “ infrgPrgs,V olpg˜q“1
ż
M
Rrg dvrg,(1.2)
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where Rg is the scalar curvature of g and rgs “ te
2fg : f P C8pMqu denotes the
conformal class of pM4, gq. It is clear that Y pM4, rgsq is a conformal invariant.
In four dimensions, Pg is the Schouten tensor defined as
P “
1
2
ˆ
Ric´
1
6
Rg
˙
,(1.3)
and σkpP q is the k-th elementary symmetric polynomial applied to the eigenvalues
of g´1P . In addition, we have the Chern-Gauss-Bonnet formula:
8π2χpM4q “
ż
M
||Wg ||
2 dvg ` 4
ż
M
σ2pP q dvg ,(1.4)
where Wg is the Weyl curvature and χpM
4q is the Euler characteristic of M4. It is
well-known that ||Wg||
2 dvg is a pointwise conformal invariant in four dimensions
and χpM4q is a topological invariant. It follows from (1.4) that
ş
M
σ2pP q dvg is a
conformal invariant.
In order to state our main results, we need to establish some additional notation.
From now on, we assume pM4, BM4 “ Σ3, gq is a compact, oriented Riemannian
four-manifold with boundary. Denote by L and H the second fundamental form
and mean curvature of the boundary, respectively. In this note, we shall call the
boundary Σ3 umbilic if Lij “ µgij for some smooth function µ on Σ
3 and totally
geodesic if Lij ” 0 on Σ
3. The first Yamabe invariant of pM4,Σ3, gq is defined as
Y pM4,Σ3, rgsq “ infrgPrgs,V olpg˜q“1
ˆż
M
Rrg dvrg ` 2
ż
Σ
Hrg dσrg
˙
.(1.5)
By the work of J. Escobar [17], Y pM4,Σ3, rgsq is always attained by a metric
gY P rgs with constant scalar curvature and minimal boundary. If in addition
the boundary is umbilic, then the boundary is totally geodesic. See Section 2 for
more details. On a compact Riemannian four-manifold with boundary, we have the
following Chern-Gauss-Bonnet formula :
8π2χpM4,Σ3q “
ż
M
||Wg||
2dvg ` 4
ˆż
M
σ2pPgq dvg `
1
2
ż
Σ
Bg dσg
˙
,(1.6)
where
Bg “
1
2
RgH ´R00H ´RkikjL
ij `
1
3
H3 ´H |L|2 `
2
3
trL3,(1.7)
L and H are the second fundamental form and mean curvature of Σ3, Latin letters
run through 1, 2, 3 as tangential directions, and 0 is the outward normal direction
on Σ3. In place of
ş
M
σ2pPgq dvg we have the conformal invariant [14]
Eprgsq :“
ż
M
σ2pPgq dvg `
1
2
ż
Σ
Bg dσg.(1.8)
We remark that Eprgsq is the same as
ş
M
σ2pPgq dvg when the boundary is totally
geodesic since Bg ” 0. We now introduce the following conformal classes on a
compact four-manifold with boundary pM4,Σ3q:
Y
`
1,bpM
4,Σ3q “ t g : Y pM4,Σ3, rgsq ą 0 u,(1.9)
and
Y
`
2,bpM
4,Σ3q “ t g P Y`
1,bpM
4,Σ3q : Eprgsq ą 0 u.(1.10)
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It is now clear that the condition g P Y`
2,bpM
4,Σ3q can be viewed as a generalization
of the condition (1.1) in Theorem A.
Our following result generalizes Theorem A to the setting of four-manifolds with
boundary.
Theorem 1.1. Let pM4, BM4 “ Σ3q admit a metric in Y`
2,bpM
4,Σ3q ‰ H with
umbilic boundary. Then H1pM4,Σ3q “ H1pM4q “ 0. In addition, the boundary
Σ3 is connected.
We now turn to conformally compact Einstein four-manifolds. On a conformally
compact Einstein four-manifold pM4, g`q, denote by V its renormalized volume
which appears in M. Anderson’s formula [2]:
8π2χpM4,Σ3q “
ż
M
||W ||2 dv ` 6V.(1.11)
See Section 2 for more details. In [10], S.-Y. A. Chang, J. Qing, and P. Yang proved
the following two theorems:
Theorem B. ([10], Theorem A) Let pM4, g`q be a conformally compact Einstein
four-manifold with conformal infinity of positive Yamabe type. Then
V ą
1
3
4π2
3
χpMq(1.12)
implies that M4 is a homology B4.
Theorem C. ([10], Theorem B) Let pM4, g`q be a conformally compact Einstein
four-manifold with conformal infinity of positive Yamabe type. Then
V ą
1
2
4π2
3
χpMq(1.13)
implies that M4 is diffeomorphic to B4 and the conformal infinity Σ3 of pM4, g`q
is diffeomorphic to S3.
Next we obtain by combining (1.6) and (1.11)
Eprgsq “
3
2
V.(1.14)
Hence, the comparison between χ and V can be rewritten as comparison betweenş
M
||Wg ||
2 dvg and Eprgsq. Partially inspired by this observation, for metrics g P
Y
`
2,bpM
4,Σ3q we introduce a conformal invariant
βbpM
4,Σ3, rgsq “
ş
M
}Wg}
2 dvg
Eprgsq
ě 0(1.15)
and a smooth invariant
βbpM
4,Σ3q “ inf
rgs
βbpM
4,Σ3, rgsq.(1.16)
If Y`
2,bpM
4,Σ3q “ H, set βbpM
4,Σ3q “ ´8. With these preliminaries, we state two
theorems which generalize Theorems B and C to the setting of compact, oriented
four-manifolds with boundary.
Theorem 1.2. Let pM4, BM4 “ Σ3, gq satisfy 0 ď βbpM
4,Σ3, rgsq ă 8 with umbilic
boundary. Then the double of pM4,Σ3q is homeomorphic to S4, Σ3 is a homology
S3, and M4 is a homology B4.
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Theorem 1.3. Let pM4, BM4 “ Σ3, gq satisfy 0 ď βbpM
4,Σ3, rgsq ă 4 with umbilic
boundary. Then M4 is diffeomorphic to B4 and Σ3 is diffeomorphic to S3.
We remark that any compactification of a conformally compact Einstein man-
ifold has umbilic boundary. It is noteworthy to point out that in conformally
compact Einstein case, one only needs to require the conformal infinity have posi-
tive Yamabe constant, while for Theorems 1.2 and 1.3 one does need the positivity
of Y pM4,Σ3, rgsq. See Section 2 for more details. Note that CP2 cannot be realized
as the double in Theorem 1.2, which is in contrast with the closed case shown by
Theorem A of [9]. It reveals that the umbilic condition on the boundary imposes
additional symmetry on the double manifold.
In the second part, we study the critical points of Weyl functional on compact,
oriented four-manifolds with boundary. In particular, we shall establish rigidity
theorems for a class of metrics satisfying conformally invariant conditions on com-
pact, oriented four-manifolds with boundary. Our results are partially motivated by
the following rigidity theorem for closed Bach-flat four-manifolds proved by S.-Y.
A. Chang, J. Qing, and P. Yang in [11]:
Theorem D. ([11]) Suppose pM4, gq is an oriented, closed Bach-flat four-manifold
and g P Y`
2
pM4q satisfies
0 ď βpM4, rgsq ă 4,(1.17)
then pM4, gq is conformally equivalent to pS4, gS4q, where gS4 is the round metric.
In fact, pM4, gY q is isometric to pS
4, gS4q where gY P rgs is the Yamabe metric.
This result shows a conformally invariant rigidity phenomenon for closed Bach-
flat four-manifolds. The Weyl functional on closed four-manifolds is defined by
W : g ÞÑ
ż
||Wg ||
2 dvg
where Wg denotes the Weyl curvature tensor of g and } ¨ } is the norm of Wg as
a section of EndpΛ2pMqq. Critical points of W are metrics with vanishing Bach
tensor Bαβ defined by
Bαβ “ ∇
γ∇δWαγβδ ` P
γδWαγβδ,(1.18)
where P is the Schouten tensor. Four-manifolds with vanishing Bach tensor are
called Bach-flat manifolds. It is noteworthy to point out that Bach-flatness is a
conformally invariant condition.
Since Bach-flat metrics are critical points of the Weyl functional, Theorem D
can be restated in the following way:
Theorem E. The round sphere pS4, gS4q is the unique critical point of the Weyl
functional (up to conformal equivalence) satisfying
0 ď βpM4, rgsq ă 4.
Replacing the condition on β by the condition on
ş
M
σ2pP q dvg, Chang, Qing,
and Yang proved the following gap theorem in [11] (see also [27] for a simplified
and refined proof):
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Theorem F. ([11]) There is an ǫ ą 0 such that if pM4, gq is a closed, oriented
Bach-flat four-manifold and g P Y`
2
pM4q satisfiesż
σ2pP q dvg ě 4p1´ ǫqπ
2,(1.19)
then pM4, gq is conformally equivalent to pS4, gS4q, where gS4 is the round metric.
In fact, pM4, gY q is isometric to pS
4, gS4q where gY P rgs is the Yamabe metric.
We shall generalize Theorems D, E, and F to the setting of compact Bach-flat
four-manifolds with boundary. In order to state our main results we first establish
some additional notation.
From now on, we assume that pM4,Σ3 “ BM4, gq is a compact, oriented, four-
dimensional Riemannian manifold with boundary. In place of W , consider the
functional
Wb : g ÞÑ
ż
M4
||Wg ||
2 dvg ` 2
ż
Σ3
Wi0j0L
ij dσg,
where Latin letters run through 1, 2, 3 as tangential directions, 0 is the outward
normal direction on Σ3 and L is the second fundamental form of Σ3. This functional
generalizes the Weyl functionalW for closed four-manifolds. As pointed out in [12],
critical points of Wb are Bach-flat metrics such that the tensor
Sij :“ ∇
αWαi0j `∇
αWαj0i ´∇
0W0i0j `
4
3
HW0i0j(1.20)
vanishes on the boundary. In this case, we will say that the boundary is S-flat.
We remark that W and Wb are conformally invariant, hence Bach-flatness and
S-flatness are conformally invariant conditions.
As pointed out in [25], since the Bach-flat condition is fourth order in the metric,
it should be possible to specify a boundary condition in addition to S-flatness. We
shall say the boundary is umbilic if Lij “ λgij for some smooth function λ on Σ
3
and totally geodesic if Lij ” 0 on Σ
3. In [25], the authors proved the following
result:
Theorem G. ([25])Given a compact four-dimensional manifold with boundary
pM4,Σ3 “ BM4q, let M0pM4,Σ3q denote the space of all Riemannian metrics
on pM4,Σ3q such that Σ3 is umbilic. Then g is a critical point of
W
ˇˇ
M0pM4,Σ3q
,
if and only if g is Bach-flat and Σ3 is S-flat and umbilic.
Note that umbilic condition is also conformally invariant. Hence, it is natural to
consider Bach-flat four-manifolds with umbilic and S-flat boundary as a conformally
invariant generalization of closed Bach-flat four-manifolds.
We now state our main result which generalizes Theorem D.
Theorem 1.4. Let pM4,Σ3, gq be a Bach-flat four-manifold with boundary such
that the boundary is S-flat and umbilic and g P Y`
2,bpM
4,Σ3q satisfies
0 ď βbpM
4,Σ3, rgsq ă 4.(1.21)
Then pM4,Σ3, gq is conformally equivalent to pS4`, S
3, gS4
`
q, where gS4
`
is the round
metric on upper hemisphere.
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If we replace the condition on βb by the condition on the conformal invariant
Eprgsq, we establish the following generalization of Theorem F.
Theorem 1.5. There is an ǫ1 ą 0 such that if pM
4,Σ3, gq is a Bach-flat four-
manifold with boundary such that the boundary is S-flat and umbilic and g P
Y
`
2
pM4,Σ3q satisfies
Eprgsq ě 2p1´ ǫ1qπ
2,(1.22)
then pM4,Σ3, gq is conformally equivalent to pS4`, S
3, gS4
`
q, where gS4
`
is the round
metric on upper hemisphere.
If we replace the condition on βb by the condition on the functional Wb, we
establish the following conformally invariant rigidity theorem.
Theorem 1.6. Let pM4,Σ3, gq be a Bach-flat four-manifold with boundary such
that the boundary is S-flat and umbilic and g P Y`
2,bpM
4,Σ3q satisfies
Wbprgsq ă 4π
2.(1.23)
Then pM4,Σ3, gq is conformally equivalent to pS4`, S
3, gS4
`
q, where gS4
`
is the round
metric on upper hemisphere.
As pointed out by Theorem 1.2, for four-manifolds with umbilic boundary, the
“critical” value for βb is actually 8. With additional Bach-flatness and S-flatness,
we prove the following theorem:
Theorem 1.7. Let pM4,Σ3, gq be a Bach-flat four-manifold with boundary such
that the boundary is S-flat and umbilic and g P Y`
2,bpM
4,Σ3q. There is an ǫ2 ą 0
such that if g satisfies
0 ď βbpM
4,Σ3, rgsq ă 8p1` ǫ2q,(1.24)
then the double of pM4,Σ3q is homeomorphic to S4, Σ3 is a homology S3, and M4
is a homology B4.
Next we turn to the applications of Theorems 1.4, 1.5, and 1.6 to conformally
compact Einstein four-manifolds. We first recall the boundary expansion for a con-
formally compact Einstein four-manifold. Let pM4,Σ3, gq be the compactification
of a conformally compact Einstein four-manifold pM4, g`q with geodesic defining
function r and pΣ3, rhsq as the conformal infinity, where h “ g|Σ. Given h in the
conformal infinity we may choose a geodesic defining function r, such that near the
boundary g¯ “ r2g` can be written as
g¯ “ dr2 ` h` gp2qr2 ` gp3qr3 `Opr4q,(1.25)
where gp2q and gp3q are tensors on Σ3. It is noteworthy to point out that (1.25)
shows that any compactification of a conformally compact Einstein four-manifold
has umbilic boundary. The item gp3q is not determined by the intrinsic geometry
of pΣ3, hq and is referred to as the non-local term. It turns out that the S-tensor
can be understood as (up to a constant multiple) the non-local term gp3q in (1.25)
as observed in [12]:
Sij “ ´
3
2
g
p3q
ij .(1.26)
With these preliminaries, we now state several applications of our main theorems
to conformally compact Einstein four-manifolds. It is noteworthy to point out
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that for any compactification pM4,Σ3, gq of conformally compact Einstein four-
manifolds Y pΣ3, rhsq ą 0 implies Y pM4,Σ3, rgsq ą 0. See Lemma 2.1 in Section 2
for more details.
Corollary 1.1. Let pM4, g`q be a conformally compact Einstein four-manifold
with conformal infinity of positive Yamabe type. Then pM4, g`q is isometric to the
four-dimensional hyperbolic space if it satisfiesż
M
||Wg` ||
2 dvg` ă 6V pM
4, g`q(1.27)
and the non-local term gp3q in (1.25) vanishes.
Remark 1.1. Note that (1.27) is equivalent to
V pM4, g`q ą
2π2
3
χpM4q(1.28)
by (1.11). Compare with Theorem C.
Corollary 1.2. There is an ǫ ą 0 such that a conformally compact Einstein four-
manifold pM4, g`q with conformal infinity of positive Yamabe type is isometric to
the hyperbolic space if its renormalized volume satisfies
V pM4, g`q ě p1 ´ ǫq
4π2
3
“ p1 ´ ǫqV pH4, gH4q(1.29)
and the non-local term gp3q in (1.25) vanishes, where gH4 is the hyperbolic metric.
Remark 1.2. Corollary 1.2 recovers the rigidity theorem proved by G. Li, J. Qing,
and Y. Shi in [27].
Corollary 1.3. Let pM4, g`q be a conformally compact Einstein four-manifold
with conformal infinity of positive Yamabe type. Then pM4, g`q is isometric to the
four-dimensional hyperbolic space if it satisfies
V pM4, g`q ą 0,
ż
M
||Wg` ||
2dvg` ă 4π
2,(1.30)
and the non-local term gp3q in (1.25) vanishes.
Remark 1.3. It is not hard to see that Corollaries 1.1, 1.2, and 1.3 would not
be valid without the vanishing condition of gp3q, which is shown by the examples
constructed in [20].
Remark 1.4. According to the author’s knowledge, there is currently no example
of a conformally compact Einstein four-manifold with conformal infinity of posi-
tive Yamabe type and vanishing non-local term other than the four-dimensional
hyperbolic space.
The paper is organized as follows. In Section 2 we establish the notations and
collect preliminaries. In Section 3 we prove Theorems 1.1, 1.2, and 1.3 concerning
the topological properties of the underlying manifolds under conformally invariant
conditions. In Section 4 we prove Theorems 1.4, 1.5, 1.6, and 1.7 concerning the
rigidity of compact Bach-flat four-manifolds with boundary. In Section 5 we record
some further remarks.
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2. Preliminaries
2.1. Conformal and smooth invariants on four-manifolds with boundary.
Let pMn, BMn “ Σn´1, gq be a compact Riemannian manifold with boundary. The
first Yamabe invariant of pMn,Σn´1, gq is defined as
Y pMn,Σn´1, rgsq “ infrgPrgs,V olpg˜q“1
ˆż
M
Rrg dvrg ` 2
ż
Σ
Hrg dσrg
˙
.(2.1)
Any smooth metric in a conformal class attaining this infimum has constant
scalar curvature and minimal boundary. From the work of J. Escobar [17], it is
known that in many cases, such a minimizer exists. In particular, for 3 ď n ď 5, a
minimizer always exists. In addition, Escobar established the following inequality
in these dimensions:
Y pMn,Σn´1, rgsq ď Y pSn`, S
n´1, rgSn
`
sq,(2.2)
where equality holds if and only if pMn,Σn´1, gq is conformally equivalent to the
round hemispehre pSn`, S
n´1, gSn
`
q.
Returning to the Chern-Gauss-Bonnet formula (1.6) in four dimensions, we have
mentioned that
Eprgsq :“
ż
M
σ2pPgq dvg `
1
2
ż
Σ
Bg dσg(2.3)
is a conformal invariant. The invariant Eprgsq has been studied extensively in [14].
In particular, if Y pM4,Σ3, rgsq ą 0 and the boundary is umbilic, then we have
Eprgsq ď 2π2,(2.4)
where equality holds if and only if pM4,Σ3, gq is conformally equivalent to the
round hemispehre pS4`, S
3, gS4
`
q. We remark that Bg ” 0 if the boundary is totally
geodesic. In this case, we have
Eprgsq “
ż
M
σ2pPgq dvg .(2.5)
Therefore, Eprgsq is a natural generalization of total integral of σ2-curvature on
four-manifolds with boundary.
Inspired by the study of conformal geometry on closed four-manifolds [9], we
now introduce the following conformal classes on a compact four-manifold with
boundary pM4,Σ3q:
Y
`
1,bpM
4,Σ3q “ t g : Y pM4,Σ3, rgsq ą 0 u,(2.6)
and
Y
`
2,bpM
4,Σ3q “ t g P Y`
1,bpM
4,Σ3q : Eprgsq ą 0 u.(2.7)
In addition, we introduce a conformal invariant for metrics g P Y`
2,bpM
4,Σ3q
βbpM
4,Σ3, rgsq “
ş
M
}Wg}
2 dvg
Eprgsq
ě 0(2.8)
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and a smooth invariant
βbpM
4,Σ3q “ inf
rgs
βbpM
4,Σ3, rgsq.(2.9)
If Y`
2,bpM
4,Σ3q “ H, set βbpM
4,Σ3q “ ´8. We remark that βbpM
4,Σ3, rgsq and
βbpM
4,Σ3q can be viewed as natural generalizations of βpM4, rgsq and βpM4q which
are defined on closed four-manifolds in [9].
2.2. Conformally compact Einstein manifolds. In this subsection, we recall
some basic notions for conformally compact Einstein manifolds. Suppose X is the
interior of a smooth, compact manifold with boundary pX¯, Z “ BXq. A metric g`
defined in X is conformally compact if there is a defining function for the boundary
ρ : X¯ Ñ R such that g¯ “ ρ2g` defines a metric on X¯. By a defining function,
we mean a smooth function with ρ ą 0 in X , ρ “ 0 and dρ ‰ 0 on BX . We will
assume in the following that g¯ is at least C2 up to the boundary. If pX, BX, g`q is
Einstein, then we say that pX, BX, g`q is a conformally compact Einstein (CCE)
manifold. The choice of defining function is not unique, and thus a conformally
compact manifold pX, BX, g`q naturally defines a conformal class of metrics on the
boundary, rhs, called the conformal infinity.
Suppose pX4, Z3 “ BX4, g`q is a conformally compact Einstein four-manifold.
Given h in the conformal infinity we may choose a geodesic defining function r,
such that near the boundary g¯ “ r2g` can be written as
g¯ “ dr2 ` h` gp2qr2 ` gp3qr3 `Opr4q,(2.10)
where gp2q and gp3q are tensors on Z3. In order to give an explanation of AdS/CFT
correspondence, M. Henningson and K. Skenderis in [26] defined and calculated the
renormalized volume for a conformally compact Einstein manifold. See [19] for a
detailed mathematical exposition of the renormalized volume. In dimension four,
they considered the expansion
V olg`ptρ ą ǫuq “ c0ǫ
´3 ` c2ǫ
´1 ` V ` op1q,(2.11)
where c0 and c2 are integrals of local scalar invariants on Z
3. More importantly,
the constant item V is independent of the choice of defining function and is called
the renormalized volume of pX4, g`q.
Ton conclude this subsection we recall a result of J. Qing in [29] which we specify
in four dimensions:
Lemma 2.1. Let pX4, g`q be a conformally compact Einstein four-manifold and
denote by pZ3, rhsq its conformal infinity. If
Y pZ3, rhsq ą 0,(2.12)
then we have
Y pX4, Z3, rg¯sq ą 0,(2.13)
where g¯ “ r2g` is a conformal compactification.
By Lemma 2.1, it is clear that Theorems B and C can be viewed as applications
of Theorems 1.2 and 1.3 to conformally compact Einstein four-manifolds.
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2.3. Bach-flat metrics on four-manifolds with boundary. In this subsection,
we discuss Riemannian functionals and their critical points on four-manifolds with
boundary. We will focus on Bach-flat metrics with conformally invariant boundary
conditions.
We start with a concise review on Riemannian functionals on closed manifolds.
See Chapter 4 of [6] for a detailed description of Riemannian functionals. Suppose
Mn is a closed, smooth manifold and denote by M the set of Riemannian met-
rics on M . A Riemannian functional is a real-valued function F on M such that
Fpϕ˚pgqq “ Fpgq for every diffeomorphism ϕ and g P M. It turns out that Rie-
mannian functionals play an important role in the study of geometry and topology
of manifolds. A prominent example is the (normalized) Hilbert-Einstein functional:
F : g ÞÑ V olpgq´
n´2
n
ż
M
Rg dvg.(2.14)
Critical points of F are Einstein metrics. In four dimensions, quadratic functionals
are of particular interest. An important example is the Weyl functional:
W : g ÞÑ
ż
M
||Wg||
2 dvg.(2.15)
Critical points of W are Bach-flat metrics. In four dimensions, the Bach tensor is
defined as
Bαβ “ ∇
γ∇δWαγβδ ` P
γδWαγβδ.(2.16)
A metric is called Bach-flat if its Bach tensor is vanishing identically. Note that
the Weyl functionalW is conformally invariant in four dimensions in the sense that
Wprgq “ Wpgq for any rg P rgs. The moduli spaces of Einstein metrics and Bach-
flat metrics have been studied extensively; see [1][3][30][31]. From the viewpoint of
calculus of variations, it is important to understand the rigidity and stability of a
critical metric. In this direction, significant progress has been made in [11][24].
Next we turn to Riemannian functionals on compact manifolds with boundary.
We shall focus on two important examples.
The (normalized) Hilbert-Einstein functional on pMn,Σn´1, gq is defined as:
Fb : g ÞÑ V olpgq
´n´2
n
ˆż
M
Rg dvg ` 2
ż
Σ
Hg dσg
˙
,(2.17)
where H is the mean curvature of Σn´1. Critical points of Fb are Einstein metrics
with totally geodesic boundary [4]. Note that the infimum of the restriction of
normalized Hilbert-Einstein functional in a conformal class gives the first Yamabe
invariant.
The Weyl functional on pM4,Σ3, gq is defined as:
Wb : g ÞÑ
ż
M4
||Wg||
2 dvg ` 2
ż
Σ3
Wi0j0L
ij dσg,(2.18)
where L is the second fundamental form of Σ3, Latin letters run through 1, 2, 3 as
tangential directions, and 0 is the outward normal direction on Σ3. We remark that
Wb “ W on four-manifold with umbilic boundary. Therefore, Wb can be viewed
as a natural generalization of Weyl functional on four-manifolds with boundary
since Wi0j0L
ij ” 0 on umbilic boundary. The functional Wb has been studied
extensively in [12]. It is noteworthy to point out that Wb is conformally invariant
in four dimensions in the sense that Wbprgq “ Wbpgq for any rg P rgs. Indeed,
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2 dvg and Wi0j0L
ij dσg are pointwise conformally invariant differential forms
in M4 and on Σ3, respectively. Critical points of Wb are Bach-flat metrics with
vanishing S-tensor. In this case, we will say that the boundary is S-flat. The
S-tensor is defined [12] on the boundary Σ3 as
Sij :“ ∇
αWαi0j `∇
αWαj0i ´∇
0W0i0j `
4
3
HW0i0j .(2.19)
The basic conformal properties of the Bach tensor and the S-tensor are given in
the following lemma:
Lemma 2.2 ([7][12][15]). The Bach tensor Bαβ and S-tensor Sij on pM
4,Σ3, gq
satisfy the following relations:
(1) Bαβ is symmetric, trace-free, divergence-free and conformally invariant in
the sense that for rg “ e2wg,
Brg “ e´2wBg.
(2) Sij is symmetric, trace-free and conformally invariant in the sense thatrg “ e2wg,
Srg “ e´wSg.
(3) If the boundary is totally geodesic, then
Sij “ ∇
0Pij .
2.4. Analytic properties of critical metrics. In this subsection, we review the
analytic properties of critical metrics. In particular, we discuss the smoothness of
Einstein metrics and Bach-flat metrics.
An Einstein metric g on a closed manifold Mn satisfies an elliptic system of
second order in harmonic coordinates [16]:
λgij “ Rij “ ´
1
2
gkl
B2gij
BxkBxl
` ¨ ¨ ¨(2.20)
where the dots indicate terms involving at most one derivative of the metric. From
elliptic theory, it follows that the metric g is analytic in harmonic coordinates and
geodesic normal coordinates. Note that it is not hard to prove that a C2,α metric
g satisfying Einstein condition is analytic. It is noteworthy to point out that the
Einstein equation Ricpgq “ λg is only weakly elliptic. The degeneracy is a result
of the invariance of Ricpgq “ λg under the action of Diff(M), where Diff(M) is
the group of diffeomorphisms on M . The choice of gauge (harmonic coordinates)
eliminates this degeneracy.
Remark 2.1. The Einstein equation can be regarded as a (weakly) elliptic system of
second order for the metric and the second fundamental form of the boundary can
be viewed as the “normal derivative” of the metric on the boundary. Hence, totally
geodesic boundary can be considered as vanishing Neumann boundary condition
for Einstein equation.
A Bach-flat metric g on a closed four-manifoldM4 with constant scalar curvature
satisfies an elliptic system of fourth order in harmonic coordinates; see[30][31]. Since
this fact is not explicit in literature, we include calculations here. The Bach tensor
can be rewritten with second Bianchi identity as [15]
Bij “ ´
1
2
∆Eij `
1
6
∇i∇jR´
1
24
∆Rgij ´ E
klWikjl ` E
k
i Ejk ´
1
4
|E|2gij `
1
6
REij
(2.21)
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If the scalar curvature is constant (R “ c), then we have
Bij “ ´
1
2
∆Eij ´ E
klWikjl ` E
k
i Ejk ´
1
4
|E|2gij `
1
6
cEij(2.22)
Then Bach-flat equation in harmonic coordinates can be written as
0 “ Bij “
1
4
grsgkl
B4gij
BxrBxsBxkBxl
` ¨ ¨ ¨(2.23)
where the dots indicate terms involving at most three derivatives of the metric.
Hence, standard elliptic theory implies that g is analytic in harmonic coordinates
and geodesic normal coordinates. Note that it is not hard to prove that a C4,α
Bach-flat metric g with constant scalar curvature is analytic. It is noteworthy
to point out that Bach-flat equation is conformally invariant and invariant under
Diff(M4), which leads to degeneracy of Bach-flat equations in the directions of dif-
feomorphisms and conformal transformations. The choices of harmonic coordinates
and constant scalar curvature enable us to eliminate the degeneracy, respectively.
Note that the resolution to the Yamabe problem shows that we can always find a
metric of constant scalar curvature in a conformal class.
Remark 2.2. The Bach-flat equation can be regarded as a (weakly) elliptic system
of fourth order for the metric and the S-tensor can be viewed as the “third order
normal derivative” of the metric on the boundary, at least for the compactification
of a conformally compact Einstein manifold. Hence, the vanishing S-tensor can be
considered as a vanishing third order boundary condition for Bach-flat equation.
Note that it is proper to impose two boundary conditions for an elliptic system of
fourth order. The other boundary condition we impose is the umbilic condition. We
point out that Bach-flatness, S-flatness, and umbilicity are all conformally invariant
conditions.
2.5. Expansion of Riemannian metric near the boundary. In this short
subsection, we discuss the expansion of Riemannian metric near the boundary.
Suppose pMn,Σn´1, gq is a smooth manifold with boundary and g is a Riemannian
metric smooth up to the boundary. Let txiu be local coordinates on Σn´1. If r is
the distance function to Σn´1, then we can identify a collar neighborhood of the
boundary with Σn´1ˆr0, ǫq, with coordinates given by pxi, rq. We want to compute
the expansion of g in Σn´1 ˆ r0, ǫq. In Σn´1 ˆ r0, ǫq, write the metric g as
g “ dr2 ` hijpx, rqdx
idxj ,(2.24)
where
hij “ xBi, Bjy .(2.25)
The main formulas are listed in [23] and detailed calculations are given in [25].
We summarize these useful formulas in the following lemma.
Lemma 2.3. Suppose pMn,Σn´1, gq is a Riemannian manifold with boundary.
Then we have the expansion for metric g in Σˆ r0, ǫq
g “ dr2 ` hijpx, rqdx
idxj(2.26)
where
hijpx, rq “ h
p0q
ij ` rh
p1q
ij `
r2
2!
h
p2q
ij `
r3
3!
h
p3q
ij `
r4
4!
h
p4q
ij `Opr
5q(2.27)
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where h
pkq
ij are symmetric 2-tensors defined on Σ
n´1
h
p0q
ij “ gij
h
p1q
ij “´ 2Lij
h
p2q
ij “´ 2R0i0j ` 2LikL
k
j
h
p3q
ij “´ 2∇0R0i0j ` 4L
k
iRj0k0 ` 4L
k
jRi0k0,
h
p4q
ij “´ 2∇0∇0R0i0j ` 6∇0R0i0kL
k
j ` 6∇0R0j0kL
k
i
´ 4R0i0kL
k
l L
l
j ´ 4R0j0kL
k
l L
l
i ` 8R
k
0i0R0j0k
(2.28)
2.6. The double of a Riemannian manifold with boundary. We first recall
the definition of the double of a smooth manifold with boundary. If pMn,Σn´1q is
a smooth manifold with boundary Σ, its double is obtained by gluing two copies of
pMn,Σn´1q together along their common boundary. Precisely speaking, the double
is defined as N :“ M ˆ t0, 1u{ „ where px, 0q „ px, 1q for all x P Σ. In this note,
we shall also use the notation N “ M
Ť
Σ
M 1, where M 1 is another copy of M .
The double is a closed smooth manifold. Now consider a Riemannian metric g on
pMn,Σn´1q. It follows that g extends naturally to a metric gd on the double N .
However, gd might be only continuous across Σ
n´1. Note that regularity could only
fail in the normal direction.
We have the following simple but useful lemma.
Lemma 2.4. Suppose pMn,Σn´1, gq is smooth up to the boundary and has totally
geodesic boundary. Then the double manifold pN, gdq has C
2,α metric for any 0 ă
α ă 1.
Proof. It is obvious that the regularity of gd can only fail across the boundary Σ
n´1.
If the boundary is totally geodesic, then we have the following expansion for gd on
Σˆ p´r, rq from (2.28):
gd “ dr
2 ` h0 `
h2
2!
r2 `Opr3q(2.29)
where h0 “ gd|Σ. It is then clear that gd is C
2,α on N . 
From Lemma 2.4, it is clear that the Riemannian curvature tensor is well-defined
on pN, gdq with C
α regularity.
3. Proofs of Theorems 1.1, 1.2, and 1.3
3.1. Proof of Theorem 1.1. In this subsection, we prove Theorem 1.1. We apply
conformal deformation to obtain a metric gw “ e
2wg P rgs such that pM4,Σ3, gwq
satisfies σ2pPgw q ą 0 and the boundary is totally geodesic. From there, a vanishing
argument for compact Riemannian manifold with boundary will imply the result.
Proof of Theorem 1.1. From the proof of Theorem 1 in [14], there is a metric gˆ P rgs
such that Rgˆ ą 0, σ2pPgˆq ą 0 and the boundary is minimal. Recall that we
assume the boundary is umbilic and umbilicity is a conformally invariant condition.
Hence, the boundary is totally geodesic. It follows from Lemma 1.2 of [7] in four
dimensions Rgˆ ą 0 and σ2pPgˆq ą 0 imply that Ricgˆ ą 0. Now we need the
following lemma which is an analogue of Bochner’s vanishing theorem for compact
Riemannian manifolds with boundary.
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Lemma 3.1 (Proposition 3 in [32]). Let pMn,Σn´1, gq be a compact Riemannian
manifold with positive Ricci curvature and convex boundary in the sense that the
second fundamental form is positive semi-definite. Then both H1pM,Σ,Rq and
H1pM,Rq vanish.
For the sake of completeness, we sketch the proof of Lemma 3.1 here.
Proof of Lemma 3.1. The lemma will be established by combining Hodge theory on
compact manifolds with boundary and a vanishing argument. From Hodge theory:
H1pM,Σ,Rq “ H1RpMq, H
1pM,Rq “ H1ApMq,(3.1)
where
H1RpMq “ tα P Λ
1pMq : dα “ d˚α “ 0, α^ n˚ “ 0 on Σ u(3.2)
H1ApMq “ t β P Λ
1pMq : dβ “ d˚β “ 0, βpnq “ 0 on Σ u(3.3)
and n is the (outward) unit normal vector field on Σ and n˚ is its dual 1-form.
Consider α P H1RpMq. Bochner formula and some direct calculations on Σ implyż
M
|∇α|2 `Ricpα, αq dv “ ´
ż
Σ
Hrαpnqs2 dσ(3.4)
It is clear that α “ 0 if Ric ą 0 and H ě 0. Hence, H1pM,Σ,Rq “ 0.
Consider β P H1ApMq. Bochner formula and some direct calculations on Σ implyż
M
|∇β|2 `Ricpβ, βq dv “ ´
ż
Σ
n´1ÿ
i,j“1
Lijβpeiqβpejq dσ(3.5)
where L is the second fundamental form of Σ and teiu
n´1
i“1 is an orthonormal frame
of TΣ. It is clear that β “ 0 if Ric ą 0 and L ě 0. Hence, H1pM,Rq “ 0. 
It follows from Lemma 3.1 that H1pM4,Σ3,Rq “ H1pM4,Rq “ 0. From the
long exact sequence of the pair pM,Σq, we have
¨ ¨ ¨ Ñ H0pMq Ñ H0pΣq Ñ H1pM,Σq Ñ H1pMq Ñ ¨ ¨ ¨(3.6)
Note that M4 is assumed to be connected and thereby H0pMq “ R. It follows that
H0pΣq “ R. Therefore, the boundary Σ3 is connected.

Clearly, from the proof of Lemma 3.1, H1pM,Σ,Rq “ 0 can be proved under
the conditions of positive Ricci curvature and nonnegative mean curvature. It is
an interesting problem to ask if the conformal deformation established in [14] can
be generalized to the case without umbilic condition on the boundary.
3.2. Proof of Theorem 1.2. In this subsection, we prove Theorem 1.2. We
first apply conformal deformation to obtain a metric gw “ e
2wg P rgs such that
pM4,Σ3, gwq satisfies Rgw ą 0 and the boundary pΣ
3, hwq is totally geodesic. Then
we consider the double manifold N “ M
Ť
Σ
M 1 with the metric gw which is C
2,α
for any 0 ă α ă 1. We then perturb gw to construct a smooth metric rg on N such
that rg P Y`
2
pNq with βpN4, rrgsq ă 8. Theorem 1.2 then follows from Lemma 2.5 in
[9] and a calculation with long exact sequences.
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Proof of Theorem 1.2. From Lemma 1.1 in [17], there is a metric gˆ P rgs such that
Rgˆ ą 0 and the boundary is minimal. Recall that we assume the boundary is
umbilic and umbilicity is a conformally invariant condition. Hence, the boundary
is totally geodesic. It follows from Lemma 2.4 that the double manifold pN, gdq is
a closed Riemannian manifold with C2,α metric. Hence, the Riemannian curvature
tensor is well-defined for gd and pN
4, gdq satisfies 0 ď βpN
4, rgdsq ă 8. With same
argument in [10], we may smooth the metric gd if necessary such that there is
a smooth metric rg satisfying 0 ď βpN4, rrgsq ă 8. From Lemma 2.5 in [9], we
have b2pNq “ 0 or b2pNq “ 1. We now rule out the possibility of b2pNq “ 1 by
establishing the following lemma.
Lemma 3.2. Suppose pN4, rgq is constructed as above. Then b2pNq “ 0.
Proof of Lemma 3.2. From Theorem 1.1, we have H1pMq “ H1pM,Σq “ 0. From
Corollary F in [22], it follows that H1pNq “ 0. Note that Poincare` duality implies
that H3pNq “ 0. Consider the long exact sequence for N “ M
Ť
Σ
M 1 and note
that M 1 is another copy of M :
H1pMq ‘ H1pMq Ñ H1pΣq
i
ÝÑ H2pNq
j
ÝÑ H2pMq ‘ H2pMq
k
ÝÑ H2pΣq Ñ H3pNq
(3.7)
Note that H1pMq ‘ H1pMq “ H3pNq “ 0. From basic linear algebra, we have
H2pNq “ ker j ‘ im j, H2pMq ‘ H2pMq “ kerk ‘ im k.(3.8)
From exactness, we have i is injective and k is surjective. In addition, we have
ker j “ im i “ H1pΣq, ker k “ im j, im k “ H2pΣq.(3.9)
Note that Σ is a closed 3-manifold and Poincare´ duality thereby implies that
H1pΣq “ H2pΣq. Combining (3.8)(3.9) and H1pΣq “ H2pΣq, we obtain
H2pNq “ ker j ‘ im j “ H1pΣq ‘ im j “ H2pΣq ‘ ker k “ H2pMq ‘ H2pMq.
(3.10)
It follows that b2pNq is even and thereby b2pNq “ 0. 
Now we continue to prove Theorem 1.2. Plug H2pNq “ H2pMq ‘ H2pMq “ 0
into (3.7). We haveH1pΣq “ H2pΣq “ 0. From Theorem 1.1, H0pΣq “ H3pΣq “ R.
Hence, Σ is a homology 3-sphere. Note that the double manifold N “ M
Ť
Σ
M 1
admits a metric rg P Y`
2
pNq. Hence, Corollary B in [7] implies that N admits
a metric with positive Ricci curvature and thereby the universal cover rN of N is
compact by Bonnet-Myers theorem. It is now clear that b2p rNq “ 0 and rN is simply-
connected. The celebrated work of Freedman [18] implies that rN is homeomorphic
to S4. Recall pM4,Σ3q is assumed to be oriented. Hence, N itself is homeomorphic
to S4. The homology of M4 can now be calculated from the long exact sequence
for N “M
Ť
Σ
M 1 and the conclusion follows easily. 
Remark 3.1. Note that 0 ď βpN4, rgsq ă 8 for a closed Riemannian manifold
pN4, gq implies that b2pN
4q ď 1 from Lemma 2.5 of [9]. In addition, b2pN
4q “ 0
and b2pN
4q “ 1 are realized by pS4, rgS4sq and pCP
2, rgFSsq, respectively. However,
in the case of manifolds with boundary, if the boundary is assumed to be umbilic,
the range 0 ď βbpM
4,Σ3, rgsq ă 8 implies that the double manifold must be S4.
Hence, CP2 cannot be realized as the double of any manifold with umbilic boundary
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under the condition 0 ď βbpM
4,Σ3, rgsq ă 8. This interesting phenomenon shows
that the umbilic condition imposes additional symmetry on the double manifold.
3.3. Proof of Theorem 1.3. In this subsection, we prove Theorem 1.3. We
first apply conformal deformation to obtain a metric gw “ e
2wg P rgs such that
pM4,Σ3, gwq satisfies Rgw ą 0 and the boundary pΣ
3, hwq is totally geodesic. Then
we consider the double manifold N “ M
Ť
Σ
M 1 with the metric gw which is C
2,α
for any 0 ă α ă 1. We then perturb gw to construct a smooth metric rg on N such
that rg P Y`
2
pNq with βpN4, rrgsq ă 4. Theorem 1.3 then follows from the proof of
Theorem A in [8].
Proof of Theorem 1.3. From Lemma 1.1 of [17], there is a metric gˆ P rgs such that
Rgˆ ą 0 and the boundary is minimal. Recall that we assume the boundary is
umbilic and umbilicity is a conformally invariant condition. Hence, the boundary
is totally geodesic. From Lemma 2.4, the double pN, gdq is a closed Riemannian
manifold with C2,α metric. Hence, the Riemannian curvature tensor is well-defined
for gd and pN
4, gdq satisfies 0 ď βpN
4, rgdsq ă 4. With same argument in [10],
we may smooth the metric gd if necessary such that there is a smooth metric rg
satisfying 0 ď βpN4, rrgsq ă 4. Then it is easy to apply the arguments in [7][8] by
using Ricci flow to deform pN4, rgq to the round pS4, gS4q with the doubling property
preserved all the way. For a detailed description of this process, see the last section
of [10]. It easily follows that M4 is diffeomorphic to B4 and Σ3 is diffeomorphic to
S3. 
4. Proofs of Theorems 1.4, 1.5, 1.6, and 1.7
4.1. Proof of Theorem 1.4. In this subsection, we prove Theorem 1.4. We shall
establish the regularity of the metric on a double manifold arising from a Bach-
flat four-manifold with boundary such that the boundary is umbilic and S-flat.
Theorem 1.4 then follows from Theorem A.
Note that the second fundamental form appears in the expansion of metric (2.28)
as the first order normal derivative. It turns out that the S-tensor is (up to a
constant multiple) the third order normal derivative for a metric with constant
scalar curvature and totally geodesic boundary. We start by the following lemma
for manifolds with totally geodesic boundary.
Lemma 4.1. Suppose pM4,Σ3, gq is a smooth Riemannian manifold with totally
geodesic boundary. Then we have on Σ3
Rj0 “ 0, Pj0 “ 0, Wki0j “ 0,(4.1)
and
Sij “ ∇
0Pij “ ∇
0W0i0j .(4.2)
Proof. Recall the Gauss equations and Codazzi equations on Σ3:
Rikjl “ R
Σ
ikjl ´ LijLkl ` LilLjk,(4.3)
Rijk0 “ ´∇
Σ
j Lik `∇
Σ
i Ljk.(4.4)
For totally geodesic boundary, we have Lij ” 0 and thereby on Σ
3:
Rikjl “ R
Σ
ikjl(4.5)
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Rijk0 “ 0(4.6)
Taking the trace of (4.6), we obtain on Σ3
R0j “ 0,(4.7)
which implies that on Σ3
P0j “ 0(4.8)
since g0j “ 0 on Σ
3. Hence, we have the following decomposition of Rki0j on Σ
3:
Rki0j “Wki0j ` gk0Pij ` gijPk0 ´ gkjPi0 ´ gi0Pkj “Wki0j .(4.9)
Combining this equation with (4.6), we have on Σ3
Wki0j “ 0.(4.10)
Note that (4.8) and (4.10) imply that for totally geodesic boundary
∇iP0j “ ∇
kWki0j “ 0.(4.11)
In fact, we may calculate at p P Σ3 in Fermi coordinates. We have gαβ “ δαβ and
Γγαβ “ 0 at p P Σ
3 since the boundary is totally geodesic. Thus, we have at p P Σ
∇iP0j “ BiP0j ´ Γ
α
i0Pαj ´ Γ
α
ijP0α “ 0.(4.12)
∇kWki0j “ 0 on Σ
3 follows similarly.
Hence, we have by the Bianchi identities on Σ3
∇0Pij “ ∇
0Pij ´∇
iP0j “ ∇
αWαi0j “ ∇
0W0i0j .(4.13)
By (3) of Lemma 2.2, we have on Σ3
Sij “ ∇
0W0i0j .(4.14)

We establish the following lemma which is of independent interest. This lemma
reveals the relationship between the S-tensor and the third order normal derivative
of a metric with constant scalar curvature and totally geodesic boundary.
Lemma 4.2. Suppose pM4,Σ3, gq is a smooth Riemannian manifold with constant
scalar curvature and totally geodesic boundary. Then we have on Σ3
h3ij “ ´4Sij .(4.15)
Proof. We calculate h3ij on Σ
3 by (2.28):
h3ij “ ´2∇
0R0i0j ` 8L
k
piRjq0k0.(4.16)
For totally geodesic boundary, we have Lij “ 0 and thereby
h3ij “ ´2∇
0R0i0j .(4.17)
Note that g0j “ 0 and g00 “ 1. We have the decomposition of curvature tensor:
R0i0j “ g00Pij ` gijP00 ´ g0jPi0 ´ gi0P0j `W0i0j “ Pij ` gijP00 `W0i0j .(4.18)
Taking covariant derivative in normal direction, we obtain on Σ3
∇0R0i0j “ ∇
0W0i0j `∇
0Pij ` gij∇
0P00.(4.19)
By Lemma 4.1, we have on Σ3
∇
0R0i0j “ 2Sij ` gij∇
0P00.(4.20)
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We now calculate ∇0P00 on Σ
3. Note that by definition
gαβPαβ “
1
6
R.(4.21)
Since R is a constant, g00 “ 1 and g0j “ 0, we take covariant derivative in normal
direction to obtain on Σ3
∇
0P00 ` g
ij
∇
0Pij “ 0.(4.22)
By Lemma 2.2, we have for totally geodesic boundary Sij “ ∇
0Pij and S-tensor is
trace-free. Therefore, we have on Σ3
gij∇0Pij “ 0.(4.23)
Combining this equation with (4.22), we obtain on Σ3
∇0P00 “ 0.(4.24)
Putting (4.17)(4.20) and (4.24) together, we derive h3ij “ ´4Sij . 
With Lemma 4.2, we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Consider the Yamabe metric gY P rgs such that pM
4,Σ3, gY q
has constant scalar curvature and minimal boundary. From the assumption that
the boundary is umbilic, minimality implies that the boundary is totally geodesic,
i.e. Lij “ 0. In addition, by (2.28) and Lemma 4.2, Sij “ 0 implies that the
expansion of gY near the boundary Σ
3 has the form:
gY “ dr
2 ` h`
hp2q
2!
r2 `
hp4q
4!
r4 `Opr5q(4.25)
Now consider the double manifold N “M
Ť
Σ
M 1, where M 1 is another copy of
M . The metric gY naturally extends to a metric gd on N . From (4.25), it follows
that gd is of class C
4,α for any 0 ă α ă 1. Note that gd is Bach-flat since gY
is Bach flat and Bach tensor is well-defined for C4,α metric. It follows that gd is
smooth from the discussion in Section 2.3. The condition 0 ď βpM4,Σ3, rgsq ă 4
implies βpN, rgdsq ă 4. It follows from Theorem A that pM
4, gdq is conformally
equivalent to pS4, gS4q. Now it is clear that pM
4,Σ3, gq is conformally equivalent
to pS4`, S
3, gS4
`
q. 
4.2. Proof of Theorem 1.5. In this subsection, we prove Theorem 1.5. The proof
relies on the expansion of Riemannian metric near the boundary and an application
of Theorem C to the double manifold.
Proof of Theorem C. Similar to the argument in the proof of Theorem 1.4, we
consider the double manifold pN, gdq arising from pM
4,Σ3, gY q. Note that
Eprgsq “
ż
M
σ2pPgY q dvgY(4.26)
since pM4,Σ3, gY q has totally geodesic boundary. Hence, pN, gdq is a closed Bach-
flat four-manifold with ż
N
σ2pPgdq dvgd “ 2Eprgsq(4.27)
Taking ǫ1 “ ǫ where ǫ is the constant in Theorem C, we haveż
N
σ2pPgdq dvgd “ 2Eprgsq ě 4p1´ ǫqπ
2.(4.28)
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Theorem 1.5 now follows from Theorem C. 
4.3. Proof of Theorem 1.6. In this subsection, we prove Theorem 1.6. The proof
relies on an upper bound for
ş
N
σ2pPgq dvg on a closed four-manifold pN
4, gq proved
by M. Gursky in [21]:
Lemma 4.3 ([21]). Suppose pN4, gq is a closed Riemannian four-manifold with
Y pN4, rgsq ě 0. Then ż
N
σ2pPgq dvg ď 4π
2,(4.29)
where equality holds if and only if pN4, gq is conformally equivalent to pS4, gS4q.
With this lemma at hand, we now prove Theorem 1.6.
Proof of Theorem 1.6. Similar to the argument in the proof of Theorem 1.4, we
consider the double manifold pN, gdq arising from pM
4,Σ3, gY q. From Corollary
F of [22], we have b1pNq “ 0 and Poincare´ duality easily implies b3pNq “ 0 and
thereby χpNq “ 2` b2pNq. Chern-Gauss-Bonnet formula reads
8π2χpNq “
ż
N
||Wgd ||
2 dvgd ` 4
ż
N
σ2pPgdq dvgd .(4.30)
Note that ż
N
||Wgd ||
2 dvgd “ 2
ż
M
||WgY ||
2 dvgY ă 8π
2.(4.31)
Combining (4.30)(4.31) and Lemma 4.3, we obtain
8π2χpNq ă 16π2 ` 8π2 “ 24π2(4.32)
Therefore, χpNq “ 2` b2pNq ă 3 and thereby b2pNq “ 0 and χpNq “ 2. Returning
to (4.30), we have
4
ż
N
σ2pPgdq dvgd “ 16π
2 ´
ż
N
||Wgd ||
2 dvgd ą 8π
2(4.33)
Note that the boundary of pM4,Σ3, gY q is totally geodesic and thereby
Eprgsq “
ż
M
σ2pPgY q dvgY “
1
2
ż
N
σ2pPgdq dvgd ą π
2(4.34)
Therefore, we derive
βbpM
4,Σ3, rgsq “
ş
M
||Wg||
2 dvg
Eprgsq
ă
4π2
π2
“ 4.(4.35)
Theorem 1.6 now follows from Theorem 1.4. 
4.4. Proof of Theorem 1.7. In this subsection, we prove Theorem 1.7. There are
two important ingredients in the proof. The first ingredient is a characterization of
pS2 ˆ S2, gS2ˆS2q established in [33].
Lemma 4.4. Let pN4, gq be a closed Bach-flat manifold with b`
2
pN4q “ b´
2
pN4q ą
0. There is an ǫ ą 0 such that if g P Y`
2
pN4q with
(4.36) 8 ď βpN4, rgsq ă 8p1` ǫq,
then pN4, gq is conformally equivalent to pS2 ˆ S2, gS2ˆS2q, where gS2ˆS2 is the
standard product metric. In fact, pN, gY q is isometric to pS
2 ˆ S2, gS2ˆS2q.
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The second ingredient is a topological lemma which is a generalization of Lemma
3.2.
Lemma 4.5. Suppose pM4,Σ3q is a manifold with boundary and N “M
Ť
Σ
M 1 is
the double of pM4,Σ3q. In addition, we assume H1pMq “ H1pM,Σq “ H1pNq “ 0.
Then b2pNq is even.
Proof of Lemma 4.5. Note that H3pNq “ 0 by Poincare´ duality. Consider the long
exact sequence for N “M
Ť
Σ
M 1 and note that M 1 is another copy of M :
H1pMq ‘ H1pMq Ñ H1pΣq
i
ÝÑ H2pNq
j
ÝÑ H2pMq ‘ H2pMq
k
ÝÑ H2pΣq Ñ H3pNq
(4.37)
Note that H1pMq ‘ H1pMq “ H3pNq “ 0. From basic linear algebra, we have
H2pNq “ ker j ‘ im j, H2pMq ‘ H2pMq “ kerk ‘ im k.(4.38)
From exactness, we have i is injective and k is surjective. In addition, we have
ker j “ im i “ H1pΣq, ker k “ im j, im k “ H2pΣq.(4.39)
Note that Σ is a closed 3-manifold and Poincare´ duality thereby implies that
H1pΣq “ H2pΣq. Combining (3.8)(3.9) and H1pΣq “ H2pΣq, we derive
H2pNq “ ker j ‘ im j “ H1pΣq ‘ im j “ H2pΣq ‘ ker k “ H2pMq ‘ H2pMq.
(4.40)
It then follows that b2pNq is even. 
We are now at the position to prove Theorem 1.7.
Proof of Theorem 1.7. By Theorem 1.2 we assume without loss of generality that
8 ď βbpM
4,Σ3, rgsq ă 8p1` ǫ2q.(4.41)
Similar to the argument in the proof of Theorem 1.4, we consider the double man-
ifold pN, gdq arising from pM
4,Σ3, gY q. Similar to the proof of Theorem 1.2, we
have b1pNq “ b3pNq “ 0 and χpNq “ 2 ` b2pNq. By Theorem 1.4, we have
H1pMq “ H1pM,Σq “ 0. It then follows from Lemma 4.5 that b2pNq is even.
Chern-Gauss-Bonnet formula reads
8π2χpNq “
ż
N
||Wgd ||
2 dvgd ` 4
ż
N
σ2pgdq dvgd .(4.42)
By Lemma 4.3 we have
4
ż
N
σ2pgdq dvgd ď 16π
2(4.43)
Set βbpM
4,Σ3, gq “ 8p1` ǫ2q. Then
8π2χpNq “ p12` 8ǫ2q
ż
N
σ2pgdq dvgd ď p3` 2ǫ2q16π
2(4.44)
Recall χpNq “ 2 ` b2pNq. Hence, 2 ` b2pNq ď 6 ` 4ǫ2. If we assume ǫ2 ă
1
4
,
then b2pNq ď 4 since b2pNq is an integer. Since b2pNq is even, we only need to
consider three cases b2pNq “ 0, b2pNq “ 2, and b2pNq “ 4. We shall show that
only b2pNq “ 0 can happen if ǫ2 is chosen to be sufficiently small.
Case 1: b2pNq “ 0. Note that the double manifold N “ M
Ť
Σ
M 1 admits a
metric rg P Y`
2
pNq. Hence, Corollary B of [7] implies that N admits a metric with
positive Ricci curvature and thereby the universal cover rN of N is compact by
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Bonnet-Myers theorem. It is now clear that b2p rNq “ 0 and rN is simply-connected.
The celebrated work of Freedman [18] implies that rN is homeomorphic to S4.
Recall pM4,Σ3q is assumed to be oriented. Hence, N itself is homeomorphic to
S4. The homology of M4 can now be calculated from the long exact sequence for
N “M
Ť
Σ
M 1 and the conclusion follows easily.
Case 2: b2pNq “ 2. Then χpNq “ 4. There are two sub-cases to consider.
Sub-case 1: b`
2
pNq “ 2 and b´
2
pNq “ 0. Hence, we have τpNq “ 2. Signature
formula reads
24π2 “ 12π2τpNq “
ż
N
||W`gd ||
2 dvgd ´
ż
N
||W´gd ||
2 dvgd ,(4.45)
which impliesż
N
||Wgd ||
2 dvgd “
ż
N
||W`gd ||
2 dvgd `
ż
N
||W´gd ||
2 dvgd ě 24π
2.(4.46)
Note that
βbpM
4,Σ3, gq “
ş
M
||Wgd ||
2 dvgdş
M
σ2pPgdq dvgd
“ 8p1` ǫ2q(4.47)
Hence, combining (4.46) and (4.47) we haveż
N
σ2pgdq dvgd ě
3
1` ǫ2
π2.(4.48)
Plugging these two inequalities back into Chern-Gauss-Bonnet formula, we derive
32π2 “ 8π2χpNq “
ż
N
||Wgd ||
2 dvgd ` 4
ż
N
σ2pgdq dvgd ě
ˆ
24`
12
1` ǫ2
˙
π2.
(4.49)
If we assume ǫ2 ă
1
2
, this inequality cannot hold. Therefore, b`
2
pNq “ 2 and
b´
2
pNq “ 0 cannot happen.
Sub-case 2: b`
2
pNq “ 1 and b´
2
pNq “ 1. It follows from Lemma 4.4 that pN, gdq
is isometric to pS2 ˆ S2, gS2ˆS2q provided that ǫ2 is chosen sufficiently small. In
this case, pΣ3, hq is a totally geodesic hypersurface in pS2 ˆ S2, gS2ˆS2q, which
contradicts the classification of totally geodesic submanifolds in pS2 ˆ S2, gS2ˆS2q.
Indeed, Corollary 3.1 of [13] implies that there is no totally geodesic hypersurface
in pS2 ˆ S2, gS2ˆS2q. Therefore, b
`
2
pNq “ 1 and b´
2
pNq “ 1 cannot happen.
Case 3: b2pNq “ 4. Then χpNq “ 6 and Chern-Gauss-Bonnet formula reads
48π2 “ 8π2χpNq “
ż
N
||Wgd ||
2 dvgd ` 4
ż
N
σ2pgdq dvgd .(4.50)
Note that
βbpM
4,Σ3, gq “
ş
M
||Wgd ||
2 dvgdş
M
σ2pPgdq dvgd
“ 8p1` ǫ2q.(4.51)
Hence, we obtain by combining (4.50) and (4.51)ż
N
σ2pgdq dvgd “
24
6` 4ǫ2
π2.(4.52)
It then follows from Theorem C that pN4, gdq is conformally equivalent to pS
4, gS4q
if ǫ2 is chosen sufficiently small since pN
4, gdq is Bach-flat, which contradicts the
fact b2pNq “ 4. Therefore, b2pNq “ 4 cannot happen. 
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5. Further remarks
In this section, we have a concise discussion of the moduli spaces of the critical
metrics on four-manifolds with boundary. On closed four-manifolds, the moduli
spaces of Einstein metrics and Bach-flat metrics have been studied extensively in
[1][5][30][31]. In addition, diffeomorphic finiteness for Einstein n-manifolds with
bounded Ln{2 norm of curvature has been proved by M. Anderson and J. Cheeger
in [3]. In fact, they established a more general result under the condition of bounded
Ricci curvature and bounded Ln{2 norm of curvature. For Bach-flat four-manifolds
of positive Yamabe type with uniform lower bound for total integral of σ2-curvature
and bounded L2 norm of Weyl curvature, diffeomorphic finiteness has been proved
by S.-Y. A. Chang, J. Qing, and P. Yang in [11]. These two diffeomorphic finiteness
theorems are both established by the construction of bubble trees based on the
precise study of moduli spaces of critical metrics.
For the moduli spaces of the critical metrics on four-manifolds with boundary
considered in this note, the additional difficulty is how to analyze the (possible)
degeneration behaviour of points on the boundary. However, we may consider the
double manifold pN4, gdq which is a closed manifold with a smooth Riemannian
metric from the discussion in Section 2. In this way, boundary points can be
“transformed” as interior points and analysis on closed manifolds can be applied.
Based on this observation, we similarly establish compactness and diffeomorphic
finiteness theorems for critical metrics on four-manifolds with boundary. The details
will appear somewhere else.
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